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■ We exploit the Seiberg- Witten maps for fields and currents in a U(l) gauge theory 

relating the noncommutative and commutative (usual) descriptions to obtain the 0(0) 
1} i structure of the commutator anomalies in noncommutative electrodynamics. These com- 

mutators involve the (covariant) current-current algebra and the (covariant) current-field 
If} . algebra. We also establish the compatibility of the anomalous commutators with the non- 

commutative covariant anomaly through the use of certain consistency conditions derived 
„ ■ here. 
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Introduction 



The subject of anomalies in gauge theories has been studied extensively in the literature pQ. 
Ever since the importance of noncommutative manifolds was realised (2], it has been natural to 
investigate the structure of anomalies in such a setting. Various results have been reported in 
this context. In particular, it has been noted |3j that, due to noncommutativity, two different 
currents can be defined even for a U(l) theory. These are the star-gauge-invariant and the star- 
gauge-covariant currents which are defined according to their distinct gauge-transformation 
properties. In this paper we shall be exclusively dealing with the star-gauge-covariant currents. 
Now the covariant divergence of the star-gauge-covariant axial current reveals an anomaly — 
this is the star-gauge-covariant anomaly [4 which is basically the covariant deformation of the 
usual gauge-invariant Adler-Bell-Jackiw (ABJ) anomaly 0. 

The next logical step would be to compute the anomalous commutators involving the 
currents and see their connection with the anomaly, as happens for the commutative descrip- 
tion Cj. The structure of the anomalous commutators in the noncommutative setting, 
however, is lacking in the literature. It is the aim of this paper to investigate this aspect. Here 
we would like to mention that the computation of noncommutative commutators from loop 
diagrams following the 'Bjorken-limit' approach might not be practically feasible. Even in the 
ordinary case, the computation of anomalous commutators is much more involved than that 
of the divergence anomaly. 

Here we provide an approach to obtain the structure of the anomalous commutators in a 
noncommutative theory. We exploit the maps for fields and currents in a U(l) gauge theory in 
noncommutative and commutative (usual) descriptions El QUI to express the commutators 
in the noncommutative theory in favour of their commutative counterparts, where the results 
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are known Using these known results we obtain the explicit structure for the anomalous 
commutators in the noncommutative theory. 

The new results on anomalous commutators in noncommutative electrodynamics are by 
themselves interesting. Their compatibility with the noncommutative divergence anomalies, 
exhibited through consistency conditions derived here, further supports our analysis. Moreover 
the computational method provides a nontrivial application of various Seiberg-Witten (SW) 
maps. 

The paper is organised as follows. In Sec. [21 we briefly review the maps for currents and 
anomalies in a U(l) gauge theory in the two descriptions. These maps are later used to express 
the anomalous commutators in noncommutative electrodynamics in terms of their commuta- 
tive counterparts. After enumerating the known results for ordinary anomalous commutators 
in the first part of Sec. |31 we compute the commutators in the noncommutative theory in the 
second part. Although we have considered massless quantum electrodynamics (QED) here, 
the structure of these commutators remains equally valid for the massive case as well. Explicit 
results are given for the current-current as well as the current -field commutators. The com- 
patibility of our results for these anomalous commutators with the noncommutative covariant 
anomaly has been established in Sec. |I] through the use of certain consistency conditions. Fi- 
nally, it is known that in the ordinary theory there is a possibility of the presence of additional 
terms in some of the commutators. Section |5] deals with the implications of these ambiguities 
on our scheme. Our conclusions are left for Sec. El 



2 A brief review of the maps for currents and anomalies 

In order to set up notations and make the paper self-contained, we briefly review here the 
maps relating the currents and anomalies in the noncommutative and commutative (usual) 
descriptions. We shall restrict to the first order in 9, the noncommutativity parameter. The 
original maps [B] involving the gauge potentials, field tensors and gauge parameters in a U(l) 
gauge theory in the two descriptions are given by 1 



A^ = A^- l -9 a ?A a (dpAp + Fpfj,) + 0(9 2 ) 



F 



9 al3 (A a dpF^ v + F^Ffr) + 0(9 2 ), 



x = \-le aP A a d p x + o(e 2 ), 

which ensure the stability of gauge transformations 

= d^x + e^daA^dpZ + o(e 2 ) 



(i) 

(2) 
(3) 



D M * X = d^X + i 



KA^ 



(4) 

5 X A„ = c^A, (5) 
where [A, A^]+ = X * A^ — A^ * X, and the star product of two fields A(x) and B(x) is defined 



as 



(A*B)(x) = exp \-e al3 d a d'A A(x)B(x' 



2 ••■> 

The map (j2J is a consequence of the map (0) following from the basic definitions 



F 



F 



d^A v - d v Af, - i 
d^A u — d u A^, 



An, Ay 



d„A„ - d^A. + e^daA.dpAy + 0(9 



(6) 

(7) 
(8) 



1 Here the hat-variables refer to the variables in noncommutative space. 
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so that, whereas F^ u is gauge invariant, transforms covariantly under the star- gauge 
transformation: 



X,F. 



[IIS 



e^daF^dpX + oie 2 ). 



(9) 



In order to discuss noncommutative gauge theories with sources, it is essential to have 
a map for the sources also, so that a complete transition between noncommutative gauge 
theories and the usual ones is possible. Let the noncommutative action be defined as 
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d 4 x F^v * F^ + SmM A) = S ph (A) + S M ty>, A), 



(10) 



where the pure gauge term has been isolated in the 'photonic' piece S p h(A), and ij) a are the 
charged matter fields. The equation of motion for A^ is 



5S, 



P h 



SA L 



where 



J" 



5Sm 



(11) 



5A, 



(12) 



Equation qiljl shows that J M is star- gauge covariant: 



V = 1 



A, J M 



e^dafrdfiX + OiO 2 



(13) 



The use of SW map in the action (|10|) gives its ^-expanded version in commutative space: 



and satisfies the noncommutative covariant conservation law * J^' = 0. 



where S® h (A) contains all terms involving A^ only, and is given by 

S% = -\j d 4 x F^F"" + e^F^ (2F^F vP + ^ a F^ + O(0 2 
The equation of motion following from the action (j!4j) is 



55: 



ph 



SA L 



where 



5S\ 



M 



(14) 



(15) 



(16) 



(17) 



Expectedly, from these relations it follows that is gauge invariant and satisfies the ordinary 



conservation law d^J^ = 0. 
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The stability of the 0(6) map among the currents and under gauge transformations 
is easily attained by mimicking the map J2J) among the field tensors: 

jn = jtx _ Q^ Aa Q^ + (-..) + 0(6 2 ), 

where (• • • ) indicates the freedom of adding more 0(6) terms that are invariant under ordinary 
gauge transformations. It is clear that the most general structure is given by 

P = jt>- e afi A a d^ + Cl 8» a F af3 jP + c 2 e^F aP j" + Cz e af3 F^jp + o(e 2 ), 

where c\, C2 and C3 are undetermined coefficients. Demanding the simultaneous conservation 
* = = immediately fixes c\ = 2c2 = 1 and C3 = 0, so that 

jn = J »_ e ^ Qp (A a Jf) + 6^ a F aP jP + 0(6 2 ). (18) 

This is the 0(6) map among the currents obtained in an algebraic approach. The map can be 
generalised to higher orders in 6 in a dynamical approach [SJ. 
Using the maps Q and (|18|) . the covariant divergence of J**, 



b u *j» = d u j» + i 



J 1 



-_ _ e a ^dj^d^ + 0(6 2 ), (19) 

can be expressed in terms of the ordinary divergence of as 9 

D M * > = + d°Pd a (ApdnJ") + 0(6 2 ), (20) 

so that the covariant conservation of follows from the ordinary conservation of J^. (An 
analogous relation exists for non-Abelian groups also |10|.) 

The analysis presented above for the vector current can be readily taken over for the 
axial current. Classically everything would be fine since the relevant currents satisfy identical 
gauge-transformation properties and conservation laws as the vector current. At the quantum 
level, however, the axial currents are not conserved. The standard ABJ anomaly is not 
modified in ^-expanded gauge theory [TT], and is given by 

9,4 j^e^F^F^, (21) 

whereas the star-gauge-covariant anomaly is just a standard deformation of the above result [I] : 

D M * = tf = JLe^F'"' * F x p. (22) 
The expected map for anomalies, obtained by a lift from the classical result (j2U|) . follows as 

£~=st + e a/3 d a (A^) + 0(6 2 ). (23) 

It has been shown ^01 that the 0(0) map (|23|) is indeed valid, although derivative corrections 
are needed at higher orders. This implies that, up to 0(6), the source map ((T5|l can be used 
to relate the axial currents at the quantum level as well, so that 

J> = j£ _ 6 al3 d p (A a J») + 6^F aP 4 + 0(6 2 ). (24) 

We shall subsequently exploit the maps (|18jl and (|24jl to determine the various anomalous 
commutators in noncommutative electrodynamics. 
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3 Anomalous commutators 



Our method of computing the commutators is straight-forward. The maps connecting the 
variables in the two descriptions will be used to express the commutators in the noncommu- 
tative theory in favour of their commutative counterparts. From a knowledge of the latter the 
former is easily obtained. Let us thus enumerate the various anomalous commutators in the 
ordinary theory. 



3.1 Anomalous commutators in the ordinary theory 

We consider massless QED given by the Lagrangian density 2 

J2f = iVV^V " \ F ^ V ~ (25) 

The equations of motion for the fields are 

= -fi/tAp, (26) 
d v F v » = J*, (27) 

where = ip^i[). The usual current conservation, = 0, follows upon using the equation 

of motion. The canonical anticommutator relations of the spinor fields are 

{Va(x,*),^(y,*)} = <W5 3 (x-y), (28) 

with a, (3 = 1,... ,4, the labels of the spinor components, and the canonical commutation 
relations of the photon fields in the Feynman gauge are 

[^(x,i),a ^(y,t)] = -i7?^<5 3 (x-y), 
[i4 M (x,*),A„(y,f)] = [d A fM {x,t),d o A 1/ (y,t)}=0. 

It has been shown that the axial-vector current does not satisfy the usual divergence 
equation d^Jlf = expected from naive use of equations of motion. 3 Rather it satisfies the 
anomalous divergence equation given by Eq. (|21[) . The commutators 4 involving the axial 
current which are relevant in the present context are jSJ 

S 00 (x,y) = [Jo Or), 4(y)} = ^e ijk F jk (y)df6 3 (x - y), (30) 
S i0 (x,y) = [Ji(x), Jl(y)] = -^e ijk F 0j (x)d y k 5 3 ( X - y), (31) 

S 0l (x,y) = [J (x), Jf(y)] = -^ £ijk F 0j (y)d x k 5 3 (x - y), (32) 

L a/Jl {x,y)=[A a (x),J^y)]=0, (33) 
M 0fl (x,y) = [d A (x),J^y)} = 0, (34) 

M i0 (x, y) = [d Ai(x), J 5 (y)] = ^ £ijk F jk S 3 l (x - y), (35) 



2 We use the (+, — , — , — ) signature, and take £0123 = £123 =1, E l = Fm, B % = —EijkdjAk with i,j, k = 1, 2, 3. 
3 Whether the index '5' appears as a subscript or as a superscript is a matter of notational convenience: 

4 All the commutators appearing in this paper are equal-time commutators. By [Jo (a:), Jq (y)] we mean 
[Jo(x,t), Jo(y,i)], and so on. Likewise, Soo{x,y) appearing in Eq. I30H is to be understood as Soo(x,y,i), and 
similarly for others. 
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M im (x,y) = [d Ai(x),J^(y)] 



4tt 2 



(36) 



All of the nonvanishing commutators given above are anomalous in the sense that if they are 
calculated by naive use of canonical commutation relations they vanish. These brackets are 
compatible with the axial anomaly ()21j) as shown in Ref. fj]. Some other commutators which 
will be useful later are 



[J^x),A a (y)\ = [J (x),d A a (y)] = 0. 



(37) 



3.2 Anomalous commutators in the noncommutative theory 



Now we are in a position to compute the anomalous commutators in the noncommutative 
theory. In the context of the ordinary theory it is well-known that the anomalous commu- 
tators are a different manifestation of the ABJ anomly. Since the standard ABJ anomaly is 
not modified in ^-expanded theory, we argue that the set ([30|) - (|36ft of commutators remains 
valid in the ^-expanded theory also. We further note that the equation of motion for the 
photon field in ^-expanded theory will differ from ()27|) by an 0(9) term. This will modify the 
canonical commutation relation [Ai(x),doAj(y)j given in Eq. (|29[) . which will have an 0(9) 
extension. But we need not compute this 0(9) correction explicitly since later we shall use this 
particular commutation relation in such terms which will already involve 9. The commutators 
[Aq(x), doA u (y)] and [A^(x), doAo(y)] will not have any 0(6*) extension. 

Although our main interest is in the current -current commutators, we shall compute some 
other commutators as well which will later be useful when we discuss the consistency condi- 
tions. Now onwards we shall take 9 to be of 'magnetic' type so that 9° l = 0. Using the maps 
(fTHJ). dHJ), and Eq. (|37|), we find 



Soo(x,y) = J (x),J%(y) 

= S 00 (x,y) - 9 mn [d% (A m (y)S Q0 (x,y)) 

+ d*(A m (x)S o(x,y) + J (x)L m0 (x,y))} + 0(9 2 ), 

which may also be interpreted as a SW-type map. Proceeding similarly, we obtain 5 

S i0 (x,y)= Ji(x),J (y) 

= S i0 - 9 mn [8H (A m (y)S lQ ) + d x n (A m (x)S i0 + Ji(x)L m0 )\ 

- 9 im [fJ(x)S P0 + J (x) (cF Loo - M m0 ) - J n (x) (8^L n0 - 8 x n L mQ ) 
+ 0(9 2 ), 



(38) 



S 0i (x,y) = Jo(x),Ji (y) 



S, 



0; 



[S* (A m (y)S 0i ) + d x n (A m (x)Soi + J (x)L mi )} 



9 im Fj(y)S o0 + O(9'). 



(39) 



(40) 



To save space we omit arguments, writing S MtT , L^ a and Af M(T instead of S M(T (s,3/), L,_ ltT (x,y) and M M<T (a;,2/) 
respectively. 
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The field-current algebra is likewise computed using Eqs. (0), Q24JI and (|29|): 

Loo{x,y) = A (x),J (y) 



j nmn 
Lnt) — V 



d y n (A m (y)L m ) + \A m (x) (2^L 00 - M n0 ) 



+ -L m0 (<9 n A (x) + i^noCaj)) 



+ 0(<9 2 



(41) 



— — — _ 

Loi(x,y) = A (x),Jf(y) 

= L m -6 im Fj{y)L w -e r 



31 (A m (y)L 0i ) + -A m (x) (2d*Loi - M n 



+ ^L mi (d n A {x) + F n0 (x)) 



+ 0(<9 2 ), (42) 



Lio(x,y) = Ai(x), Jo(y) 



^ (A m (y)L t0 ) + -A m (x) (2d£L a - dfL n0 ) 



+ 2 L ™o (d n Ai(x) + F ni {x)) 



+ 0(9 2 ), 



(43) 



L im {x,y) ee A* (a;), J^(y) 



L im + i0™ J 5 5 3 (x - y) - e m ^F/(y)L 



i/3 



1 



-V k [28 y k {A 3 {y)L im ) + L im (dkMx) + 

+ AjCx) (2d x k L im - d*L km )} + O(0 2 ), 
M 00 (x,y) ee [d A (x), ^(y) 



(44) 



Mr 



00 



^ (A m (y)M 00 ) + -A w (x) (23*M 00 - [d d A n (x), J 5 (y)]) 



+ ^L m0 d (d n A (x) + F n0 (x)) + d A m (x)d*L 00 



d m A (x)M n0 }+O(e 2 ), 

M i0 (x,y) ee [a Ai(x),^(y) 

= M l0 + i^X(^ 3 (x-y)) 



(45) 



^ (A m (y)M i0 ) + -d A m (x) (2d*L i0 - dfL n0 ) 
+ ^L m0 d (d n Ai(x) + F ni (x)) + -df (A n (x)M m0 ) 



+ F ni (x)M m0 + A m (x)d*M i0 



+ 0{9 2 



(46) 
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M ik {x,y) = [doMx),J%(y) 

= M lk + \d m 3l (J|<5 3 (x - y)) + i0* J n 5 (y)0^ 3 (x - y) 
- 9 km (i 4 (y)c^ 3 (x - y) + Fj{y)M l p 



dl{A m (y)M ik ) + -a A m (x) (2^L ife - 8f L nfc ) 
+ 2 L mkd (d n Ai(x) + F ni (x)) + -df (A n (x)M mk ) 



+ F ni {x)M mk + A m (x)d%M ik 



+ 0{9 2 



(47) 



Now we use the relations ()3U)) - ()3l"|) to substitute for the commutators appearing on the right- 
hand sides in Eqs. (|38|) - (f4"Tj) . In order to compute [dodoA n (x), Jq (y)] appearing on the right- 
hand side of Eq. (|45|). we make use of the equation of motion. The equation of motion (|27|) 
of the usual theory in the Feynman gauge reads d^d^A^ — V 2 ^ — = 0. Therefore the 
equation of motion of the noncommutative theory in terms of the usual variables, 

dodoAp - V% -J^ + 0(0) = 0, (48) 

implies 

[d d A n (x), J 5 (y)] = V 2 [A n (x), 4(y)} + [J n (x), J 5 (y)] + 0(0), (49) 
which can be computed using Eqs. 1)31(1 and (j2HJ). Thus Eqs. ()38|) - 1)4*7 ]) become 

^ i n 

Soo(x,y) = —^e ijk Fj k (y)df5 (x - y) 

- ^ mn ^k [dl {A m (y)F Jk (y)dfs 3 (x - y)) 

+ dl {A m (x)F jk (y)df5 3 (x ~ y))] + O(0 2 ), (50) 
Sio(x,y) = -^e ijk F 0j (x)d y k 5 3 (x - y) 

" [ £ "i* (i ? mo(^)i ? j fc(y)^<5 3 (x - y) + F mn (x)F 0j (x)d y k 5 3 (xL - y)) 

-£mife^^o^ 3 (x-y)] 



+ 4^ m %'fc (An(y)i^(x)<9^ 3 (x - y)) 

+ 5* (A m (x)F 0j (x)d^ 3 (x-y))] + O(0 2 ), (51) 
S 0i {x,y) = —^e ijk F j(y)d^6 3 (x - y) 

- ^2 0im Znjk {F m0 (y)F jk (y)dl5 3 ^ - y) - iWy)^G/)^ 3 (x - y)) 

e ljk [dy{A m (y)F 03 (y)d* k S 3 (x-y)) 

+ d x n {A m (x)F 0] (y)dl5 3 (x - y))] + O(0 2 ), (52) 

(53) 

(54) 

L i0 (x,y) = O(0 2 ), (55) 



4vr 2 



L oo(x,y) = ^2 m "e njfc A m F ifc 5 3 (x - y) + O(0 2 ), 
L 0l (x,y) = ^9 mn e nik A m F 0k 5 3 (x - y) + O(0 2 ), 
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L im (x,y) = \6 m 4fr\* - y) + 0(0, 



M o(x,y) = -^e mn e njk [d m A F jk S\x - y) - -A m (x)F 03 (x)d v k 6 3 (x - y] 
M l0 (x, y) = -^s ijk F jk S 3 ( X - y) + ifd" (J 5 <5 3 (x - y)) 



(56) 
(57) 



4vr 2 



e mjk \ F ni F jk 5 3 (x - y) + -Of (A n F jk 5 3 (x - y)) 



+ e ijk A m d n F jk 5 3 (x - y) 



+ 0(9 2 ), 



(58) 



M ik (x, y) = ^e ikj F 0j 5 3 (x - y) + \G m &l (j|5 3 (x - y)) + iO 4(y)^<5 3 (x - y) 



\Q km 1 J? (y)dy m 5 3 (x - y) + ^ e ijn (F m0 F jn + F mn F 0j ) 5 3 (x - y) 



4vr 2 



£m*j <| ^n^o^ 3 (x - y) + -df (A n F 0j 5 3 ( x - y)) 



+ e ikj A m d n F 0j 6 3 (yL - y) 



+ O(0 2 



(59) 



We have thus obtained various anomalous commutators up to the first order in a magnetic- 
type 9. These expressions are given in commutative variables. Using the inverse maps, 



A^ = A^+ l -6^A a (dpAp + F Plx ) + O(0 2 ), 

+ 6> Q/3 {^AadpF^ + F^aFp^j + 0(6> 2 ), 

j* = > + 9^ (^A a d^ - \F a pJ^ ~ 0" a F a/3 P + 0(8 2 ), 
with 6> 0,i = 0, we can express them in terms of the noncommutative variables: 



(60) 
(61) 

(62) 



S 00 (x,y) = ^e ijk F jk {y)df5 3 (x-y) 

~F im (y)F nk (y)dfS 3 ( X - y) - F jk (y)d« (X(y)df <5 3 (x - y)) 
- F jk (y)<% (A m (x)df5 3 (x - y))] + 0(8 2 ), (63) 



+ e ijk 



S i0 (x,y) = -^ei jk F Qj {x)d y k 5 3 {yL - y) 



4vr 2 



nmn^ 

47r 2 P £i i fc 



£nj* (i ? m0 (x)i ? jfc (y)^<5 3 (x - y) + F mn {x)F 0j {x)d y k 6 3 (-x - y)) 
-£mjfc«/o^ifc5 3 (x-y) 

^0m(x)F nj (x)d v k 6 3 (x - y) - F 0j (x)^ (X(y)^<5 3 (x - y)) 
- F 0j (x)d* (A m (x)dl5 3 (* - y))] + 0(fl 2 ), (64) 
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Soi(x,y) 



j^e ijk F 0j (y)d%5 d {x-y) 

~ -^2 0im£ njk (F m0 (y)F jk (y)d^S 3 (yi - y) - F mn (y)F 0:j (y)d* k 5 3 ( X - y] 



I nmn^. 



F 0m (y)F nj (y)d x k 5 3 (x - y) - F oj (y)d« [A m (y)d x k 5 3 (x - y) 



Loo{x,y) -- 

L 0i (x,y) = 

L i0 {x,y) = 
Fim{x, y) 

M 00 (x,y) 
M i0 (x,y) 



F 0j (y)d* (A m (x)d x k 5 3 (x - y) ) + 0(9' 

3/„ ,A i r\ta2\ 



■■ ^e mn e njk A m F jk 5 6 (x - y) + O(^), 

^9 mn e nik A m F 0k 5 3 (x - y) + 0(9 2 ), 
0(6 2 ), 

--i6 mi Jl5 3 ( X -y) + 0(9 2 ), 

+ 0(9 2 ), 
i 



n e njk ( d m A F jk 6 3 (x - y) - -A m (x)F 0] (x)d y k S 3 (x - y) 



(65) 
(66) 

(67) 

(68) 
(69) 

(70) 



e ijk F jk 5 3 (x - y) + \9 m d\ fe 3 (x - y] 



4vr 2 



£mifc <i F ni F jk 5 3 {x - y) + -Qf (A n F jfc 5 3 (x - y) 



£ijkFjmF nk 5 3 (x — y) 



+ O(0 2 



(71) 



Mi fc (x,y) = ^e ikj F 0j 6 3 (x-y)+ie in dV (jf,5 3 (x - y)) + i0^( 2/ )d^ 3 ( 



x - yj 



i9 km | ^(y W 3 (x - y) + ^ % - n (P m0 F jn + F mn F 0j ) <5 3 (x - y) 



4vr 2 



£mfcj <j ^F 0i 5 3 (x - y) + -a? (A n F 0j 5 3 (x - y) 



£ikjFomF n j5 3 (x — y) 



+ 0(# 2 ). 



(72) 



This completes our obtention of the anomalous commutators in both commutative as well as 
noncommutative variables. 

4 Consistency conditions and the anomalous commutators 

Just as the anomalous commutators in the usual theory are subjected to certain consis- 
tency conditions fB], we now show that those in the noncommutative theory also obey cer- 
tain consistency conditions, implying their compatibility with the noncommutative covariant 
anomaly (|22|). 

To obtain the consistency criteria, we begin with 



d S 00 (x,y) = d Jo(x),j$(y) = d J (x), j£(y) + J (x),d Jo(y) 



95, 



tBi 



(73) 
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In view of Eq. {TH}, it follows from D M * = 0, and D M * = &/ that (for 



0) 



do Jo = d m J m + O^dmJ^dnA^ + 0(6 2 ), 



(74) 
(75) 



Using these to substitute for do Jo and 8oJq, Eq. (|73*|) yields a consistency relation among the 
anomalous commutators of the noncommutative theory: 

d S o(x, y) = d^S m o(x, y) + <9^5 0m (x, y) 



+ 



d n A^(x)d^S fl o(x,y) + d n A^y)dy m So^x,y) 
+ d m J»(x)d£L l *(x,y)+d m jg(y)d» [j Q (x), A„(y) 
Jo(x),^(y)\+O(0 2 ). 



(76) 



The essentially new ingredient is the last bracket involving the anomaly. Using the maps (with 
9° l = 0) for Jo and stf given in Eqs. (fi"8j) and (|23|) respectively, we get 

J (x),^y)] = [J (x),j*(v)] 

- 6 mn {dl [J (x),A m (y)^(y)] + d x n \A m {x) J (x), *t{y)\) + 0(8 2 ), 

which, on substituting for the anomaly, srf = {l/l%ix 2 )e tlv \pF tlv F^ p , and using the relations 
(HHJ) and (37J), yields 



Jo(x), £ /(y)\ = —e mn e mjk Jo{y)F ]k {y)d x J A (* - y) + 0(8 2 ). 
We observe that the 9 —* limit of the condition 1)76(1 is 

3 5 o(a;, y) = 3^5 m0 (^, y) + <9^S" 0m (x, ?/)> 



(77) 



(78) 



which is easily verified using Eqs. (|30|) - p2|) . To show that Eq. (|76|) indeed holds is also straight- 
forward. Equation ((TTj) gives the last term on the right-hand side of Eq. (|76|). The commutator 
[Jo{x) , A fM (y)] occurs in an 0(0) term, and therefore it can be replaced by [Jo(x), A^y)] which 
vanishes because of Eq. (|37|). The other terms in Eq. (|76|) are also known in view of Eqs. (|5U|) - 
(|59|) . Substituting for all these commutators, we find that Eq. (|76|) is satisfied. Alternatively, 
the verification of Eq. (|76|) can be done in noncommutative variables by exploiting Eqs. (|63|) - 
((72)) and the one obtained by using the inverse maps (|oTj) and on the right-hand side of 
Eq. (|77|) (this amounts to just replacing the usual variables by the noncommutative ones, since 
it is already an 0(6) term). This shows that our anomalous commutators are compatible with 
the noncommutative anomaly. 

As another example of a consistency condition, we note that 



do 



A v (x),J$(y) = doA u (x),4{y) + A v (x),doj$(y) 



9>, 



j5t 



which, invoking the notations introduced earlier, can be rewritten compactly as 



d L u o(x,y) = M u0 (x,y) + A u (x),d J^(y) 



(79) 
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Using Eq. (|75|l to substitute for 8oJq on the right-hand side gives a consistency condition 

d L u0 (x, y) = M u0 (x, y) + ^L TO (x, y) 

r d n A^y)dlL 1/lx (x,y) + d m J»{y)dl lA^x), A^y) 



+ 



+ 



A v {x),s/(y) +0(9 2 ). 



(80) 



Using the maps for Aq and s/ given in Eqs. (pQ) and (|23j) we get 



A (x),s/(y) =[A (x),s/(y)} 



By substituting for the anomaly, 
computed as 



[A m (x)(d n A (x) +F n0 (x)),s/(y)] 



+ dy[A (x),A m (y)s/(y)]j+O(e 2 ). 
(l/Wn^e^XpF^F^, and using Eq. (JUJ), this is 



A (x),s/(y) 



Similarly we get 

Ai(x),sT(y) 



4tt 2 



-(d n A + F n0 )F jk 5 3 {x-y) 



F 0j (y)A n (x)d y k 6 3 (x-y) 



+ 0(9 2 



(81) 



+ 



1 
i 

4^' 



e mj k { F ni F jk 5 3 (x - y) + -df (A n F jk 5 3 {x - y)) 



+ e ijk (A m d n F jk 5 3 (x - y)) 



+ 0(9 2 ). 



(82) 



Also, in view of the map we observe that [A u (x), A fJi (y)] will not have at least any 9- 
independent part, which means that the term involving this commutator on the right-hand 
side of Eq. (JHOl) drops out. Using Eqs. (JTJ), (JSSI), (JSH), <E3) and (JHU, the right-hand side of 
Eq. (|%U|) for v = reduces to 



—e mn s njk d (A m F jk ) 5 3 (x - y) + 0(fl 2 



(83) 



which is also what the left-hand side of Eq. (jHOJ) for v = reduces to upon substituting for 
the commutator from Eq. H53|) . For [i = i, the left-hand side of Eq. (|8U|). up to 0(9), vanishes 
in view of the Eq. (J55|) . and the right-hand side, using Eqs. (JT}, (jSEJ), (JHSjl and (J%2|) . also 
vanishes. This shows the compatibility of the noncommutative anomalous commutators with 
the noncommutative anomaly. 



5 Ambiguities in anomalous commutators and the consistency 
conditions 

As mentioned in Ref. jHj, the commutators given in the set ()3U|) - (|36j) for the ordinary theory 
have been deduced from the triangle graph alone, which is also responsible for the current- 
divergence anomaly. This does not rule out the possibility that higher orders of perturbation 
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theory may modify the values of these commutators. However, the commutators Soo(x,y) 
and Mio(x, y) can also be deduced from simpler, exact commutators and equations of motion, 
which suggests that their value is exact to all orders of perturbation theory. On the other hand, 
the values given in the set (|30j) - (|36j) for the commutators Sio(x,y), Soi(x,y) and Mi k (x,y) 
cannot be deduced in a way similar to those of Soo(x,y) and Mio(x,y), and the possibility of 
the presence of additional terms is not ruled out. It has been shown jS] that if values of these 
commutators are modified to 

Sio(x, y) = ~e ijk F 0j (x)8%6 3 (x - y) + iS» (rt 3 (x - y)) , (84) 



Soi(x,y) = ^e ijk F 0j (y)d%5 6 ( X - y) - id% (T fc M 3 (x - y)J , (85) 



M im (x,y) = ^ £imn F 0n S 3 {K - y) - iT^x - y), (86) 



with T lk (y) a pseudotensor operator, then the consistency conditions, Eq. (|7%|) for example, 
are unchanged. The implications of these modifications will now be analysed in the present 
context. 

The first point to note is that the various anomalous commutators might get altered due 
to the additional T^-dependent pieces. We explicitly compute these modifications. Equa- 
tions ()38|) - (|47j) relate the anomalous commutators in the noncommutative theory with their 
commutative counterparts. It becomes clear from these equations that the modifications 1)84(1 
(|S6^) will not alter the values of the commutators Soo(x,y), Loo(x,y), Lio(x,y), Li m (x,y) and 
Mio(x,y) as given in the set Q5U|) - I|59|) . The values of the remaining commutators will be 
modified as 



S i0 (x,y) = (right-hand side of Eq. (JSTJ)) +id y k (T lk 5 3 {x - y] 
+ ie im F mn (x)d y k (T nk 5 3 (x-y: 



dy{A m (y)d y k (T ik 5 3 (x-y))} 
+ dl {A m {x)d y k (rt 3 (x - y)) }] , (87) 



S 0i ( x , y) = (right-hand side of Eq. (jS2|) - i d% ( T ki 5 3 (x - y] 
ie im F mn (y)d%(T kn 5 3 (x-y] 



+ \6 mn [d y {A m {y)dt (r fc M 3 (x - y)) } 

+ dl{A m (x)dt(T k *5 3 {*-y))]\, (88) 

Loi(x, y) = (right-hand side of Eq. ® ) - l -6 mn A m T ni 5 3 (x - y), (89) 

M 00 (x, y) = (right-hand side of Eq. (JSZD) + l -9 mn A m {x)d y (T™<5 3 (x - y)) , (90) 

M ik (x, y) = (right-hand side of Eq. (JHSJ)) + (•••)> ( 91 ) 

where (■ ■ ■ ) appearing on the right-hand side of Eq. (|91|) represents the terms involving T lk (y) 
whose explicit structure is not needed for our purpose. 

Next we show that the conditions ()76|) and (|8U|) still hold. The left-hand side of the 
condition (|76j) does not involve any of the modified commutators given in the set ()87|) — (|91|) . its 
value therefore remains unaltered. The right-hand side does involve the modified commutators, 



13 



but it is a matter of straight-forward algebra to show that there is no change in its value. The 
consistency condition (|8()jl for v = i does not involve any of the modified commutators, and 
therefore it trivially remains valid. As far as the condition (|80|) with v = is concerned, its 
left-hand side is doLoo(x,y) whose value obviously remains unaffected. The right-hand side 
involves the modified commutators, but again after some algebra we find that its value remains 
unchanged. 

6 Conclusions 

We have obtained the 0(8) structure of all the anomalous commutators involving the co- 
variant axial-vector current in noncommutative electrodynamics for a magnetic-type 9. The 
basic step in our approach is to exploit the SW maps for currents and fields that relate the 
noncommutative and usual (commutative) descriptions. The commutators in the noncom- 
mutative theory are thereby expressed in terms of their commutative counterparts which are 
known. Substituting for these known commutators we obtained the commutators in the non- 
commutative theory. The results were displayed both in terms of the commutative (usual) 
and noncommutative variables. 

One might be tempted to guess the structures of these anomalous commutators as those ob- 
tained by a naive covariant deformation of the ordinary results, just as the covariant divergence 
anomaly (]22(1 is obtained by a covariant deformation of the usual result (|21|) . But a simple 
inspection rules out this possibility. The point is that the covariant deformation of a gauge- 
invariant expression can only give a star-gauge-covariant expression. Since the currents Jtf 
and J5 are, respectively, gauge invariant and star-gauge covariant, so are the divergences d^J^ 
and * j£ . One could therefore expect that the star-gauge-covariant anomaly is obtained 
by a covariant deformation of the usual gauge-invariant anomaly. Explicit calculations serve 
to verify this expectation [3]. On the other hand, although the commutator [Jq(x), Jq (y)], 
for example, is gauge invariant, yet its noncommutative counterpart, [Jq(x), Jq (y)], is not 
star-gauge covariant because it involves two distinct spacetime points, x and y. Therefore 
it becomes clear that the non-covariant commutator, \Jq(x), Jq (y)], cannot be obtained by 
just a standard covariant deformation of the usual gauge-invariant commutator. Equations 
()63|) - (|72|) indeed show that there is a departure from the naive covariant deformation of the 
corresponding gauge-invariant expressions. 

We have shown that the commutators we obtained are compatible with the noncommu- 
tative covariant anomaly. For this we derived certain consistency conditions involving this 
anomaly and then showed that the commutators indeed satisfy these conditions. It may be 
remarked that such consistency conditions were used in usual electrodynamics to reveal the 
compatibility of the various anomalous commutators with the ABJ anomaly. In the usual 
QED without axial-vector currents, anomalies in potential-current commutators ('seagulls') 
and in current-current commutators ('Schwinger terms') are related and cancel exactly when 
the divergence of covariant matrix element is taken, reproducing the familiar current conser- 
vation. The distinguishing feature of the commutator anomalies associated with the triangle 
diagram is that when the axial- vector divergence is taken, the seagulls and Schwinger terms do 
not cancel 0. Rather, they combine to give the divergence anomaly (ABJ anomaly), giving an 
alternative interpretation of the divergence anomaly as the result of non-cancellation of seag- 
ulls and Schwinger terms. Our analysis thus suggests that the star-gauge-covariant anomaly 
can also be regarded as consequence of a similar effect in noncommutative electrodynamics. 
Finally, we analysed the implications of certain ambiguities present in the ordinary commu- 
tators on our scheme, and showed that the commutators satisfy the consistency conditions 
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irrespective of these ambiguities. 

The implications of SW maps were discussed previously in the context of divergence 
anomalies. Here we find that these maps are also useful in obtaining commutator anomalies. 
Although we analysed the case of the star-gauge-covariant current, it should be possible to 
extend this analysis to the star-gauge-invariant current since corresponding SW maps are 
known to exist |12j . 
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